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N. Margolus | Physics-like models of computation

A signal bouncing on a mirror is shown in fig. 20.
(Notice that there is no horizontal delay, as there
was in the BBMCA). If this signal had been shifted
one column to the right, it would have passed the
mirror unaffected. We put some mirrors near
places where signals might collide, so that (with its
small neighbourhood) this rule can simulate an
attractive collision— the signal paths will be dis-
placed inward in a collision, rather than outward
as in the BBM. See fig. 21. (If a signal arrives on
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just one path, it goes through without any displace-
ment). Two such gates, back to back, can be used
to make signals cross over without affecting each
other. See figs. 22 and 23.

Since all collisions occur without any delay
along the plane of the collision, considerations of
synchronization are very similar to those in the

' Singlc one case
Fig. 22.

Two ones case
Fig. 23.

BBM. The proof of this automaton’s universality
is essentially the same as for the BBM.

To give another example of a universal second-
order RCA, we can begin with the BBMCA rule.
If f, is the global rule that applies to the solid
blocking and changes an entire configuration into
the next configuration, and similarly f, applies to
the dotted blocking, then we can describe the
BBMCA evolution by

Siv1+ S =1(S), (10)

where S,,, + S,_, is taken to be the configuration
obtained by taking the cell-by-cell sum (mod 2) of
S, and S,_,, and f(S)=/.(S)+f,(S) is also
such a sum.

(10) can be rewritten in the form (4) with a 3 x 3
neighbourhood and a dependence on the parity of
the center cell’s position (parity of x + y). In a
similar manner, any invertible CA rule can be
written in the form (10), and in the form (4) if it
is locally invertible.

References

[1] C.H. Bennet, “Logical reversibility of computation,” IBM
Journal of Research and Development 6 (1973) 85-91;
“The Thermodynamics of Computation,” Int. J. of Theo.
Phys. 21 (1982) 905-940.

[2] E. Fredkin, private communication.

[3] E. Fredkin and T. Toffoli, “Conservative Logic,” Int. J. of
Theo. Phys. 21 (1982) 219-253.

[4] E. Berlekamp, J. Conway and R. Guy, “Winning Ways for
your Mathematical Plays™, vol. 2 (Academic Press, New
York, 1982).

[5] M. Gardner, “The Fantastic Combinations of John Con-
way’s New Solitaire Game ‘Life’,” Scientific American
223:4 (1970) 120-123.

[6] R. Landauer, “Irreversibility and heat generation in the
computing process,” IBM Journal of Research and Devel-
opment 5 (1961) 183-191.

[7] C. Shannon and W. Weaver, The Mathematical Theory of
Communication (Univ. of Illinois Press, Illinois 1949).

[8] T. Toffoli, “*Computation and construction universality of
reversible cellular automata,” Journal of computer systems
science 15 (1977) 213-231.

[9] T. Toffoli, “CAM: A High-Performance Cellular-
Automaton Machine,” Physica 10D (1984) 195-204 (these
proceedings).

[10] J. Von Neumann, Theory of Self-Reproducing Automata,
(ed. and compiled by A.W. Burks) (Univ. Illinois Press,
Illinois, 1966).



Physica 10D (1984) 96-116
North-Holland, Amsterdam

Lbl/-\?_ SLYRo ¢
MET TY3 Z2¢0of

SIMULATING PHYSICS WITH CELLULAR AUTOMATA*

Gérard Y. VICHNIAC
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Cellular automata are dynamical systems where space, time, and variables are discrete. They are shown on two-dimensional
examples to be capable of non-numerical simulations of physics. They are useful for faithful parallel processing of lattice
models. At another level, they exhibit behaviours and illustrate concepts that are unmistakably physical, such as
non-ergodicity and order parameters, frustration, relaxation to chaos through period doublings, a conspicuous arrow of time
in reversible microscopic dynamics, causality and light-cone, and non-separability. In general, they constitute exactly
computable models for complex phenomena and large-scale correlations that result from very simple short-range interactions.
We study their space, time, and intrinsic symmetries and the corresponding conservation laws, with an emphasis on the
conservation of information obeyed by reversible cellular automata.

1. Introduction

In 1948, von Neumann embarked on an ambi-
tious project: to show that phenomena as complex
as life — the survival, reproduction, and evolution
of complex forms of organization — can be reduced
in principle to the dynamics of many identical, very
simple primitives capable of interacting and main-
taining their identity. First, von Neumann consid-
ered the interaction of vortices and particles in
suspension in some “‘primordial soup”. Obviously,
such a model was intractable, so, following a
suggestion by Ulam, he adopted a fully discrete
approach: space, time, and even the dynamical
variables were defined to be discrete.

The resulting cellular-automaton theory de-
scribes a universe consisting of an homogeneous
array of “cells”. Each cell is endowed with a finite
number of states, and evolves in discrete time
according to a uniform local transition rule. The
rule can be seen as a function whose arguments are
the states at time 7 of the neighboring cells (and
possibly the state of the considered cell itself) and

*This work was supported for its major part by an IBM
post-doctoral fellowship, and also by grants from DARPA (No.
NO00014-75-C-0661 and N00014-83-K-0125), and from NSF
(No. 8214312-IST).

whose value is the state of the considered cell at
time ¢ + 1. The rule is uniform in that it is the same
all over the array. Since all the cells “compute”
their new state simultaneously, cellular automata
are often seen as a paradigm of distributed com-
putation [55]. Dyson [15] and Bernstein [4] have
given lively accounts of the surprising success of
von Neumann’s enterprise [7], a self-reproducing
cellular-automaton that anticipated the discovery
of the duplicative function of DNA.

Further uses of cellular automata in biology
have been numerous (for a bibliography, see Kauf-
mann [31]). The very name “Life”” for the famous
cellular automaton that John Conway invented in
1970 [21] still reflects the biology-motivated origin
of cellular automata. The similarities between
cellular-automaton behavior and that of many
physical systems are also quite suggestive. In this
paper, I shall examine how these similarities have
and can be exploited in order to apply cellular
automata to physics. (Other discussions can be
found in these proceedings.)

There are several ways one can think of using
cellular automata to simulate physics. I found it
useful to distinguish between the three following
approaches:

(i) Cellular automata as mere computational
tools. This viewpoint is motivated by the following

0167-2789/84/$03.00 «) Elsevier Science Publishers B.V.
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facts. In today’s fastest general-purpose comput-
ers, signals spend more time and dissipate more
heat in wires than in processors [28]. Furthermore,
the latter become less expensive than the former. A
computer architecture that aims to maximize the
density of active elements at the expense of that of
wires leads precisely to the cellular-automaton
layout of identical processors*. For this reason, the
existing and planned hardware cellular-automaton
machines [56] are attractive parallel computational
resources for many lattice models of physics.
Moreover, in a cellular-automaton simulation of
these models, the topology of the simulated object
is reproduced in the simulating device. In contrast,
in a general-purpose computer simulation of a
lattice system, the data relative to sites i and i + 1
have no particular reason to be stored in neigh-
boring memories.

(ii) Cellular automata as fully discrete dynamical
systems. In this approach, cellular automata are
relevant to physics only insofar as dynamical
systems are relevant to physics.

(iii) Cellular automata as original models for
actual physical phenomena, possibly competing
with existing continuum models.

These approaches are ranged in order of depth
and ambition in the use of cellular automata to
simulate physics: a purely ancillary role in the first
one, a fundamental one in the third. The second
category stands in an interesting intermediate pos-
ition: discrete dynamical systems, in this view,
attempt not to simulate specific physical phenom-
ena but rather to embody general physical ideas**.
A given cellular automaton defines its own discrete
universe. It turns out that many of these cellular-
automaton universes are inhabited by beings that
are most often seen in the theoretical physicist’s
menagerie, such as symmetries and conservation
laws, a conspicuous arrow of time in reversible

*In that sense, a cellular automaton is nothing but an
array-processor with a few bits rather than a whole
floating-point variable at each site.

** Cellular automata have also been used, in this approach,
to illustrate ideas from chemistry, viz., the study by Greenberg,
Green and Hastings [24] of the reaction-diffusion equation.

microscopic dynamics, order parameters and non-
ergodicity, nonseparability, causality and light-
cone, relaxation to chaos through period doub-
lings, and, most instructively, the appearance of
complex phenomena and large-scale correlations
resulting merely from a very simple short-range
interaction. This second approach aims at what
Stan Ulam has wonderfully called “imaginary
physics” as opposed to “real physics,” the object
of approaches (i) and (iii).

These three approaches have an important
common feature that is unique to fully discrete
systems. They provide a third alternative to the
classical dichotomy between models that are sol-
vable exactly (by analytical means) but are very
stylized, and models that are more realistic but can
be solved approximately (by numerical means)
only. In fact cellular automata have enough ex-
pressive power to represent phenomena of arbi-
trary complexity, and at the same time they can be
simulated exactly by concrete computational
means: actual runs by a simulating device like
CAM [56] are an exact implementation of the
mathematics, and they are automatically free of
numerical noise since discreteness is a defining
component of the model itself. In other words, we
have here a third class: that of exactly computable
models. To appreciate the originality of this type
of modeling, one should keep in mind that there is
no attempt here to solve any given equation, in fact
cellular automata do not engage in any numerical
processing, they merely perform simple space-
dependent logical decisions. In other words, this
third class aims at digital non-numerical simu-
lations of physical phenomena.

When faced with a classification like the one
given above, a healthy reaction is to try to
invalidate it with examples that cannot fit in any
specific category, but seem to belong to all. An
example that comes immediately to mind is the
Ising model for magnets and binary alloys. In this
model, the variables are defined at the sites of a
regular lattice, they take only two values and
interactions occur between neighboring sites only.
Replace “lattice” by ‘array”, “sites” by *‘cells”
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and “iteration step” by “time step,” and you have
a cellular automaton! Surprisingly enough, this
seemingly reasonable mapping gives terrible results
when applied to the equilibrium properties of Ising
spins. However, cellular automata can do a mar-
velous job if the mapping

(1 spin, 1 iteration step)— (1 cell, 1 time step)

(1.1)

is discarded, (and the emphasis is somewhat shifted
from approach (iii) to the more pragmatic view-
point (i)).

This paper is organized as follows. Conventions,
symmetry properties, and mechanical analogies are
exposed in the next section. Section 3 contains
examples of the use of cellular automata as com-
putational tools. The puzzling failure the intuitive
mapping (1.1) in what seems to be the easiest
simulation, i.e., that of Ising spins at equilibrium,
deserves some analysis. Section 4 discusses care-
fully the role in this failure of the discreteness of
time and of the variables. It shows that in a general
manner this double discreteness prevents an exten-
sion to fully parallel processing of currently used
serial methods (e.g., Monte Carlo sampling) for the
computation of averages in equilibrium statistical
mechanics. Sections 5 and 6 expose approaches (ii)
and (iii) respectively. Finally, section 7 presents a
tentative conclusion and some open questions.

2. Conventions. Symmetry properties and mechani-
cal analogies

2.1. Counting rules

This paper is concerned with one- and two-
dimensional cellular automata with two states per

* These rules have been called “totalistic” by Wolfram [60].

** BASIC uses the same symbol for assignment and equality
and does not distinguish between logical and numerical vari-
ables. The resulting notation is compact but hard to decipher.
In good old FORTRAN IV the statement reads Y =0;
IF(D.EQ.1) Y=1.-

cell, called “0” and “1”. Furthermore, we shall
mostly limit our study to transition rules that
merely count how many of the neighboring cells
are in state *1”’, but do not care about the location
of these cells. For cellular automata with n neigh-
bors, there are only 2"*! such “counting* rules,” as
opposed to 2% possible rules. Naming the rules is
an exercise subject to practical constraints: a name
should be as explanatory as possible, short, free of
exotic characters, and start with a letter in order to
be a legal filename accepted by most computer
systems. Here is a possible convention: the rule
name is made of a letter followed by digits. The
letter refers to the type of neighborhood and the
digits to the numbers of ones in the neighborhood
for which the rule returns a one. We shall use here
predicate calculus, as expressed, to fix ideas, in the
BASIC computer language. Let N, S, E, W, NE,
NW, SE, SW (for the neighbors), and C (for the
center cell) be the values (0 or 1) assumed by the
cells in the neighborhood, and let Y, or C'*!, be the
new value of the center cell that the rule returns.
Let us start with one dimension and let D=E + W
designate the number of ones among the left and
right neighbors. Consider now for example the
“mod 2” rule, that assigns the state zero if the two
neighbors are in the same state and one otherwise.
This rule can be defined by the BASIC statement

Y=D=1)

which is understood as follows**. In the brackets
stands a predicate that can be either true (1) or
false (0) according to whether or not D = 1. The
whole statement assigns the truth value (0 or 1) of
the predicate to Y, the state of the center cell at
time 7 + 1. Now we shall name the rule “D1,” a
shorthand of the predicate. Similarly if now the
center cell is included in the neighborhood
(T=E+ W + C), anew “mod 2” rule is defined as

Y=(T=1 ORT=3)

and called “T13”. (Rules D1 and T13 have num-
bers 90 and 150, respectively, in Wolfram’s con-
vention [60].)
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Looking now at the two-dimensional square
lattice, we can count the cells in state one in a given
neighborhood and introduce the variables

Q=N+S+E+W, V=Q+C
and, including the corners,

H=Q+NW+NE +SE+SW and
M=H+C.

The names of these variables are not totally
arbitrary. The neighborhood consisting of the cen-
ter cell and its nearest neighbors is often referred
to in the literature on cellular automata [2] as the
von Neumann neighborhood and as the Moore
neighborhood when the next nearest neighbors are
included. Hence the letters V and M (cf. also the
Roman numeral meaning for V). The letters D, T,
Q, and H stand for the initials of 2, 3, 4, and 8 in
French (H is also the 8th letter of the alphabet.)

We shall see in the next section examples of
two-dimensional cellular automata on the hexa-
gonal lattice where each cell has six contiguous
neighbors. Cellular-automaton rules on this lattice
can in fact be simulated by rules in the Moore
neighborhood by deleting two opposite corners, say
NW and SE. Let X be the number of cells among
the six neighbors that assume state one

X=N+NE+E+S+SW+W

and Z = X + C that quantity when the center cell
is included in the count. Notice that we can also
obtain a tessellation of the square lattice with
Y-shaped patterns and thus simulate the honey-
comb lattice (on which each site has three immedi-
ate neighbors). We cannot, however, simulate
cellular-automaton rules on this tessellation in a
uniform way because we would need to remove an
odd number of cells in the Moore neighborhood.

We shall also consider in section 5 rules that do
not belong to the class of counting rules but to an
immediate generalization, that includes rules where
the values of Q and H for which Y = 1 depend on

the state C of the center cell. “Life” is such a rule,
Y=(H=2 ANDC) OR (H=3)),
which can also be written as

Y=(C=0 AND H=3) OR
(C=1 AND (H=2 OR H=3))

and denoted by the concatenation H3H23. Rules
of this type can be called “double-counting,” there
are 2" and 2" of them in the von Neumann and
Moore neighborhoods, respectively.

2.2 Reversible rules

A rule is said to be reversible if it is backward
deterministic, i.e., if each configuration (or set of m
configurations for rules that are mth order in time)
has a unique predecessor. There is a simple way,
due to Fredkin, to construct a wealth of reversible
rules. Just take any rule finvolving » states per cell,
note the value it returns and subtract from it, in
modulo n arithmetic, the value that the center cell
assumed at time ¢ — 1:

C'*! = f(neighborhood at time t) — C'~' (mod n) .
Q.1

This relation can be solved uniquely for C'~!, even
if fis not invertible, and this feature makes the new
rule reversible. Notice that for n =2, the sub-
traction modulo 2 is simply the exclusive OR
Boolean operation. The new rule in now second
order in time, but it can be made first order by
including in the present the states of the past, i.e.,
by endowing each cell with n? states. In section 5
these reversible rules will be noted by appending an
R to the names of the rules f of which they are
made.

Notice that the rules constructed with (2.1) are
not only reversible, they are also time-reversal
invariant: a sequence of configurations can be
obtained in reverse order with the same rule,
simply by inverting the two last configurations.
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Not all reversible rules are invariant under time
reversal. For example, the rule where the center cell
takes the state of its W neighbor (Y = W) generates
a global shift toward the right. The past can be
exactly recovered, not using the rule, however, but
by (Y = E) instead. For the arguments concerned
with the conservation of information, simple re-
versibility is all we need. For example, many
reversible rules with special simple initial condi-
tions evolve into what seems to be a totally random
regime, despite the forward and backward deter-
minism of the dynamics. The simplicity of the
initial condition is of course still present in the
obtained pseudo-chaos. It has only diffused into
many-cell correlations*. Also, attractors are not
allowed in the realm of reversible rules. These rules
cannot exhibit the fascinating self-organizing be-
haviour discovered by Wolfram [60], since this
effect requires mergers in their evolution. These are
precisely the mergers that permit the non-reversible
rules to circumvent the second principle of thermo-
dynamics and create order from chaos, (a feat also
performed by “Life”). On the other hand, when
closer analogies with mechanics are the issue,
time-reversal invariance is crucial. For instance, a
rule like (Y = W) always shows “in what direction
the time flows”. But for time-reversal invariant
rules, this is true only when the cellular automaton
is “out of equilibrium and relaxes towards it’’; once
the system has thermalized, the conspicuous time-
arrow has disappeared. It reappears, however,
in the oppesite direction, if two consecutive
configurations are inverted, i.e., if “all the veloci-
ties are reversed,” in an exact realization of
Loschmidt’s paradox [12].

Furthermore, the second-order system (2.1)

* In “‘real physics,” a diffusion into many-body correlations
is irreversible, because of the macroscopic nature of possible
measurements (with the exception of spin-echo experiments,
that actually involve one-body operators only, see [40, 1] for
lucid discussions). In cellular-automaton experiments, on the
other hand, microscopic degrees of freedom can be accessed
easily. In particular, the encoding of an initial condition can be
extracted out of the many-cell correlations simply by applying
the reverse rule, a striking illustration of the importance of the
exact computability of cellular automata.

makes two consecutive configurations act some-
what like a point in a phase-space, in which many
of the results of classical mechanics still hold. This
is for example the case of Liouville’s theorem: the
absence of mergers together with the discrete struc-
ture of the phase-space make the density of points
invariant in a reversible evolution. This encourages
further analogies. Like in mechanics, reversible
rules have as many conserved quantities as vari-
ables that describe the initial conditions [34]. We
also expect that some of these invariants are more
important than others and assume that one of
these is an “energy” that generates the evolution in
a way Hamiltonians do in mechanics. For more
results on “the statistical mechanics of cellular
automata,” see the detailed article of that title by
Wolfram [60], and also section 5.1 of this paper.

2.3. Growth inhibition. convex confinement and
shape -confinement

Many cellular-automaton patterns grow without
limits out a single seed of one in a background of
zeroes. For many other rules, on the other hand,
patterns remain confined inside fixed boundaries.
There are two types of such boundaries: they can
be convex or they can have more general shapes.
Let us concentrate first on rules in the von Neu-
mann neighborhood, for which the convex shapes
are rectangles. Some rules confine patterns to the
smallest rectangle that encloses all the ones of the
initial conditions. We can call such rules convex-
confined, or rectangle-confined. If furthermore the
ones do not even fill concavities, i.e., if they do not
explore the convex islands and peninsulae of zeroes
of thickness larger than one cell, the evolution can
be said to be shape-confined. The contrast is man-
ifest for initial conditions of ones forming hollow
or L-shaped patterns. By a direct consequence of
their definition, counting rules of the form
Qd,, . .., d, and double-counting rules of the form
Qd,...,dQd,,...,d, are rectangle-confined if
all the d,, . . ., d, are larger than one, and they are
shape-invariant if these digits are larger than two.
Likewise, in the Moore neighborhood, counting
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rules Hd,,...,d, and double-counting rules
Hd,...,dHd],...,d, are convex-confined if the
dy,...,d, are all larger than four, and shape-
invariant if they are larger than five. In the hexag-
onal lattice, these exclusive thresholds are three
and four. These results hold also for the reversible
extensions of these rules by (2.1).

Confined cellular automata lend themselves to
an easier systematic study, their available space
being finite by their own intrinsic laws, and not as
a consequence of the necessary finiteness of the
practical means of their simulation. Their available
time is finite as well, of course: the finite number
of cells, states per cell, and bits that encode the rule
do not contain enough resources for an infinite
non-periodic evolution. Using here again the
mechanical analogy, we shall call the finite period
the “Poincaré recurrence time” when the rule is
time-reversal invariant.

2.4. Intrinsic symmetry properties

Some rules can be transformed into others by
simple “intrinsic” symmetry operations that in-
volve the states, rather than space and time. For
example the value of rule T023 is the binary
complement of that of T1, and we write this

T1=T023.

If one asks now what rule T1 looks like when it
is applied to the binary complement of a
configuration, it looks like T(3 — 1), that is T2,

T1(neighborhood) = T2(neighborhood) .

We can call T2 the conjugate of T1. Some rules
have special properties under conjugation: they can
transform into themselves, or into their com-
plement, but most rules are just like T1 and

* It is not surprising that the model chosen by condensed-
matter physicists to challenge the astronomers’ traditional view
that long-range forces are necessary to account for the spec-
tacular long-range order of spiral galaxies [50] is a simple
generalization of cellular automaton.

lack proper symmetry under conjugation. In the
first case we call the rule even (or invariant or
self-conjugate), and in the second case we call it
odd under conjugation. Among the counting rules
in the von Neumann neighborhood, for example,
the even rules are Q2, Q04, Q024, Q13, QI23,
Q0134, V05, V23, V14, V1234, V0145, and V0235;
the odd rules being V012, V013, V024, V034, as
well as their conjugate-complement V345, V245,
V135 and V125. We shall see in section 5 that the
reversible versions of some of these even rules have
remarkable behaviours. These intrinsic symmetry
properties can readily be extended to cellular auto-
mata with more than two states per cell.

3. Cellular automata as computational tools

3.1. Dynamic and static models

The available hardware resources [56] for the
simulation of cellular automata can also find most
natural applications to those areas of physics
where the discretization of space, rather than being
an artefact of a numerical simulation, is a feature
of the physical system itself (e.g., crystals, for their
lattice-vibration independent properties), or has
already been made an integral part of an estab-
lished theoretical model (e.g., lattice-gauge field
theories and lattice-gas molecular dynamics). The
models of statistical mechanics that involve a
regular lattice with local interactions between sites
are begging for cellular-automaton simulations.
The analogy is particularly faithful for dynamical
models. In fact, a wealth of numerical results in the
study of percolation [14], nucleation, condens-
ation, coagulation [6] and transport properties in
molecular dynamics [49] are obtained by simu-
lating on a general purpose computer the time
evolution of systems that are actually instances of
simple cellular automata or immediate gener-
alizations of cellular automata*. Cellular-
automaton machines are of course particularly
appropriate for the treatment of these models
(provided that the effects of the two other
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discretizations — time and variables —are fully un-
derstood and tamed, see section 4). For static
models, on the other hand, the correspondence is
less immediate, because cellular automata deal
with initial-value problems, whereas in the classical
equilibrium statistical-mechanical theories, there is
no natural microscopic dynamics, and one is pri-
marily interested in averages over configurations of
static thermodynamical quantities. To be sure,
these quantities can be obtained by dynamic relax-
ation methods, thanks to the ergodic theorem, but
cellular automata can also be useful even if one
wishes to stick to the time-independent approach.
In that case, cellular automata should reproduce
the successive steps of some iterative method,
where the automaton’s “time” plays the role of the
iteration index rather than the physical time. Cellu-
lar automata (with probabilistic transition rules)
can update very efficiently the lattice
configurations of Monte Carlo samplings (pro-
vided some traps are avoided, see section 4).
They also could be a help in performing the
bloc-spin transformations defined in the real-space
renormalization group methods [43].

3.2. Experiments with voting rules: percolation and
nucleation, metastability vs. unstability, spinodals

“Voting” rules*, i.e., counting rules that assign
*“0” or “1” according to the “popularity of these
states in the neighborhood,” yield genuine nucle-
ation effects or relax to a percolating stable state.
More precisely, rules that return a one if the count
of that state among the neighbors is above a given
threshold always lead to the growth of clusters of
one of the “species” (0 or 1) until a stable
configuration is reached. When they are applied to
a random initial configuration, these voting rules
behave in a way that depends extremely sharply on
the initial concentration p of ones, we are then in
presence of a critical phenomenon. The voting rules
fall into two major classes. For a first category of
them, cluster growth is limited for all the values of

* These rules are instances of “threshold functions” used in
the theory of neural networks [31, 37, 51, 23, 54].

p; the clusters of the species in minority shrink, but
the asymptotic configuration always contains sur-
viving minority islands (that in some cases oscillate
with period 2 — which is the highest possible period
for voting rules [23]). Above a critical value p, of
their initial density, the ones percolate in the final
stable configurations, i.e., they form a connected
path that crosses the whole space. Under p., pet-
colation occurs for the zeroes. The second major
class contains convex confined rules (see section
2.3). During the first few steps, many 1-cells turn
to “0”, being surrounded by too few 1’s. But local
high-density fluctuations in the initial distribution
of ones initiate the growth of clusters of 1’s. The
growth consists in filling concavities, and halts
once the convex shapes are reached. But if two
clusters touch (or almost touch) they create new
concavities and the growth goes on and forms a
larger single convex cluster. For p > p,, the clusters
merge and the whole array turns to “1” after a
small number of steps there is nucleation. For
P <p., the clusters stop growing before they can
meet. They remain separated by a sea of 0’s. To be
sure, on an infinite lattice, this 0-phase is metasta-
ble: an exceptional fluctuation can create a very
large cluster that will grow for ever, feeding on
isolated small clusters. In the thermodynamic limit
the fate of the array does not depend on p; yet this
equilibrium configuration of all 1’s can be reached
through two very different dynamical regimes: the
0-sea is unstable for p >p, but the region
0 < p < p, corresponds to a metastable coexistence
line between the 0- and the 1-phase, the value p,
playing the role of a spinodal point. See color plates
in Toffoli [56], this volume. In fact this
classification of voting rules according to their
percolating or nucleating nature corresponds also
to an important structural difference.

A simple-majority vote is possible only for an
odd number of voting cells, since this leads to an
even number of cases, ranging from an unanimous
“0” vote to an unanimous “1” vote. For example
V345 (also called VGE3, to show that the count of
one states is greater or equal to 3 among the 5
neighbors) is balanced between the three cases
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V=0, 1, 2 and the three cases V =3, 4, 5. In that
sense Z4567 (alias ZGE4) and MS56789 (alias
MGES) are also simple-majority rules. It turns out
that these are the rules that yield percolation. Due
to the 01 symmetry of the problem, or to the fact
that simple-majority rules are also self-conjugate
(see section 2.4) the critical concentration must be
!, Voting rules with an even number of voting cells
lead to a necessary bias: the mid-point cases
(Q=2,X =3, and H = 4) must be assigned to zero
or one (we exclude here tie votes, i.e., special
prescriptions for the mid-point cases, and shall
examine them in section 4 in the context of the
Ising model). Such biases can be seen as external
magnetic fields in the “0”- or “l-direction”: an
oscillating motion of the domain walls is observed
when the direction of the bias is switched, e.g.,
when Q34 and Q234 are applied by intermittence.
A bias can alternately be incuded by changing
simple-majority rules and shift the threshold as in
V2345 (alias VGE2). These biased voting rules
yield nucleation with finite critical concentration.
A second shift, as in V12345 (alias VGE1) removes
the convex confinement and leads to nucleation
even for an infinitesimal initial concentration of
ones (p, = 0%). Values of the critical concentration
of ones for the voting rules are given below (the
fractions (m/n) indicate that the corresponding
rules involve an inclusive threshold of m ones
among n neighbors).

von Neumann neighborhood

QGE2 (2/4) p.=0.133 (nucleation) ,

QGE1l (1/4) p.=0* (nucleation) ,

VGE3 (3/5) p.=3 (percolation) ,
VGE2 (2/5) p.=0.0822 (nucleation),
VGEL1 (1/5) p.=0* (nucleation);

Moore neighborhood
HGE4 (4/8) p.=0.333
HGE3 (3/8) p.=0*
MGES (5/9) p.=3

(nucleation) ,
(nucleation) ,
(percolation) ,

* These structures are of particular interest because they
display in 3 dimensions trioritical [26] and tetracritical [27]
points.

MGE4 (4/9) p, = 0.250
MGE3 (3/9) p.=0*

(nucleation) ,
(nucleation);

hexagonal lattice

XGE3 (3/6) p.=0.266
XGE2 (2/6) p.=0*
ZGE4 (4/T) p.=}
ZGE3 (3/7) p.=0.191
ZGE2 (2/T) p.=0*

(nucleation) ,
(nucleation) ,
(percolation) ,
(nucleation) ,
(nucleation) .

Obviously, the conjugates of the complements of
these rules yield nucleation of zeroes for the same
critical concentrations of zeroes. These numerical
values were obtained using Toffoli’s Cellular-
Automaton Machine (CAM) [56], a simulator of
size 256 x 256. The standard deviation (1/256) is
small enough and allows a fast and accurate
determination of the critical concentrations.
Variations on the voting rules can be introduced.
Voting rules in the von Neumann neighborhood
have other interesting sets of initial configurations
besides the random one. These are made by “dop-
ing” at random sites a very small amount of zero-
and one- “impurities” on a matrix consisting of a
checkerboard pattern of zeroes and ones. This
background is doubly “‘grey” because its states
oscillate between “0”” and “1” both in space and
time. We see then the dynamics of two species (the
clusters of zeroes and ones) on a grey background.
This is in contrast with most other cellular auto-
mata with two states per cell where, as in “Life,”
patterns of ones evolve on a background of zeroes.
Another way to modify the voting rules is to
complement the ballot of some of the voters. For
example this method can introduce anisotropies by
counting, in the von Neumann neighborhood, the
N and S neighbors with.a “sign” opposed to that
of E and W. This leads to metamagnetic structures,
that are ferromagnetic in one direction and anti-
ferromagnetic in the perpendicular direction*. A
similar procedure can be applied in the Moore
neighborhood, giving a rule that aligns the future
state of the center cell to those of the nearest
neighbors but opposes the states of the next nearest
neighbors. This rule corresponds to frustrated
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bonds [58]: after some transient time the cellular .

automaton keeps on oscillating between the two
ground states. In the next section we shall see
similar oscillations that are pure cellular-
automaton artefacts and do not correspond to any
physical frustration.

4. Simulating the Ising model with cellular
automata

4.1. Motivations and main result

It is natural to ask how well cellular automata
simulate the Ising model if only because of the
strong resemblances between these two systems. A
second compelling motivation to investigate the
Ising model is the recent intense interest in con-
structing special purpose machines dedicated to its
simulation. These machines [47, 30] are based on a
pipeline architecture and therefore involve serial
processing at the bottom level. But the expected
availability of cheap VLSI circuits [57] forces us
to ask whether it is possible to simulate the wan-
dering of Ising configurations through the canon-
ical ensemble with a simultaneous updating of all
the spins at each iteration. The answer to this
question is negative. A simultaneous updating of
two contiguous spins necessarily yields wrong re-
sults, and the mapping (1.1) must be discarded for
this problem. We can instead endow-each cell with
four states in order to accommodate for two spins,
or equivalently, perform an alternate updating of
every second spin in a checkerboard pattern [11].
The practical consequences of the invalidity of the
intuitive mapping (1.1) are benign: the maximal
speed of a computation is still a half of what it
would be if full parallelism were allowed. However,
the theoretical import of this bound is surprising
and reveals an irreducible serial constitutive fea-
ture in any systematic sampling of configurations
in equilibrium statistical mechanics for discrete
systems. In other words, the wandering of
configurations does not correspond to any obvious
cellular-automaton dynamics, despite what one

might intuitively expect following the approach
(iii) mentioned in the introduction.

4.2. Global energies and local measurements

The Ising model for magnets and binary alloys
involve a regular lattice on each site i of which is
a spin o,. The spins are the only variables of the
model, they can take two values (up and down) or
(+1 and —1) and interact with their nearest
neighbors only, via the Hamiltonian

H=-JY og;, 4.1)
gy

where the sum is taken over neighboring pairs
only. If J >0, the spins tend to be parallel and
there is a ferromagnetic phase below the critical
temperature 7,. When the system is in equilibrium
with a reservoir at temperature 7, the mean value
of an observable 4 in the canonical ensemble is
given by

_ 2,y A({o}) e HediT
(A)r= 2 ’

4.2)

where the sum is taken over the set of all possible
configurations of spins, k is the Boltzmann con-
stant and the normalization denominator is the
partition function

Z(T)= Z e H{o: kT 4.3)
{o3}

The Monte Carlo approximation reduces the
enormous number of terms in (4.2) to an “im-
portance sampling” [42] of the configurations ac-
cording to their total energy, given by (4.1). In
principle, each iteration should include the com-
putation of the r.h.s. of (4.1) in order to obtain E’,
the global energy of the configuration of step ¢, but
a simple trick permits the economy of this com-
putation. The trick consists in flipping one spin
only at each step. This enables a simple /ocal
observation of the energy change A4e¢; at site i
to yield the global energy increment E'*!'— E'
(the quantity that actually enters the sampling
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criterion),
A= E'*'— E*, 4.4

(Measurements of the local energy changes also
suffice for the multi-spin-coding technique [11],
where several noncontiguous spins are updated at
the same time, since the mechanism of this method
can be simulated exactly by a standard serial
scanning.) Consider now a Monte Carlo com-
putation on a two-dimensional square lattice. With
an orderly sampling of the spins, starting from the
NW corner of the lattice and sweeping towards the
SE, the energy change A¢; at site i involve spins that
have already been updated as well as “old spins”
that are contemporaries of the considered spin.
Specifically,

C+l=f(N'*!, W+ C, E, S, r(C), T), (4.5)

where r(C’) is a random number updated at each
site. (In the multi-spin-coding technique, E and S
are also taken at ¢ + 1). We use here the notation
of section 2 but now of course the variables take
their values in the set {1, |} instead of the set {0, 1}.
Notice also that in (4.5) ¢ + 1 means after an entire
sweep over the lattice, not after an elementary step,.
as in (4.4).

4.3. The feedback catastrophe

The parallel processing of all spins can be readily
simulated with standard serial computational re-
sources. Just write a Monte Carlo code, and mod-
ify it in order to make A¢; depend now on the old
spins only:

C+'=f(N',W,C,E,S,r(C), T). (4.6)
One then observes the following catastrophe, start-

ing with an aligned configuration at, say, T = 0.87,
and a ferromagnetic coupling J > 0. During the

* A similar computer experiment has recently been reported
by B. Hayes, Scientific American, October 1983.

first sweeps, some spin and flip back, very much
like in a standard Monte Carlo calculation, but as
soon as two spins (or cells) with contiguous corners
flip during the same sweep, a spurious checker-
board pattern starts to grow, leading eventually to
an oscillation between the states of maximum
energy i.e.,, the two ground states of an anti-
ferromagnet.* The stability of the oscillating mon-
ster is evident from (4.6). Each spin up, surrounded
by four spins down, will flip in order to align with
its neighbors, which themselves will also flip, doing
“the same reasoning.” This occurs whenever f
stands for the Metropolis or the “heat bath”
algorithm [5]. One might ask whether there exists
a transition rule f, not necessarily related to the
Monte Carlo practice, that would avoid the feed-
back and yet give the correct averages (4.2) for a
very large number of iterations.

4.4. An argument against full parallelism

We shall show now that there is no such rule.
For simplicity, let us consider the one-dimensional
case. What we are after is in fact a probabilistic
cellular automaton. The look-up table for a proba-
bilistic cellular automaton does not return a new
state C'*! but rather a random value. It takes the
general form

{aGLnD.a@nh, .
h(T)} .

(s L Dy {a(D), 6(T), . ...,

This maps the eight possible neighborhood values
to eight random variables. In the case (1, 1, 1), for
example, the center spin will be up with probability
a(T) and down with probability 1—a(T), and
similarly for the other neighborhood cases.

Let us consider now a lattice of N spins all in the
up state

et

along with the very large set of all configurations
of a given magnetization M, say M = 2/3. In these
configurations the up spins are twice as numerous
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the down spins:

LT

T,

ST,

The configurations of this set have a very large
range of excitation energies. Nevertheless, at a
temperature such that a(7T)=2/3, they are all
populated from the ground state with the same
transition probability W,

W = a(TYM*(1 — a(T))"?, 4.7

regardless of the particular value of their total
energy. A probabilistic cellular-automaton rule
dictates how many spins will flip, but not how
many domain walls will be formed. In other words,
even if a transition rule can “know” the energy cost
of flipping one spin, it has no way to determine the
global energy of the obtained configuration. There-
fore these cellular-automaton transitions cannot
conserve the Boltzmann distribution, a necessary
condition [59] to sample the canonical ensemble at
equilibrium*. The argument is quite general, it
does not depend on our particular choice of
temperature and configurations. The cellular-
automaton transitions will not populate

* The reader familiar with reasonings based on the principle
of detailed balance [5] might like first to reduce the eight
random functions a(T),...,h(T) to only three independent
transition amplitudes (using the symmetries of (4.1)); and then
to construct a set of pairs of configurations for which micro-
reversibility yields constraints that cannot be simultaneously
satisfied by the three amplitudes. This is a straightforward task,
too tedious though to be reproduced here.

** This argument alone is not'enough. One should also prove
the non-existence of sum rules that would express the sum over
the spins of a two-body operator in terms of one-body oper-
ators (e.g., the virial theorem in mechanics). This is in effect
what has been done above.

+1 am thankful to Henri Orland for suggesting the following
analysis and for writing a computer code to check its validity.

configurations according to their Boltzmann fac-
tor, which depends on the global energy. This is
again because the transition rules have no access to
that global energy, but only to the local energy
changes, and when contiguous spins are updated
simultaneously, the relation (4.4) ceases to be valid,
(essentially because energy is a two-body
operator**, by (4.1)).

4.5. Role of discreteness

The Ising spins take only two values. This
clearly plays a role in the fact that the feedback
oscillations are not damped. The only way for a
spin not to be up is to be down; the model does not
have roem for “almost-up” spins. Similarly, one
suspects that the discreteness of time has also an
effect in this behaviour. This in fact can be studied
in a quantitative way with the help of a model
continuous both in time and in the values of the
spins, where, so to speak, discreteness can be
continuously introducedt.

Let us rewrite (4.3) in the form

Z(T) = '[ [‘[ dg;6(a2 — 1) e~ HdoiT (4.8)

The delta function guarantees that despite the
continuous notation, this expression is equivalent
to (4.3). Adapting an idea of Parisi [45, 20] we can
“soften” the spins and obtain an equation of
motion for them. First we use the representation

d(c;—1)=1lim 4 \/g o= WY} - 1?2 “9)

A0

of the delta function as a double Gaussian ex-
tremely peaked at g, = + 1, but refrain from taking
the limit 4 — 0o. The parameter A that characterizes
both the height and the narrowness of the Gaus-
sian controls to what extent our model is “two
states per site.” Furthermore, the continuous for-
malism allows some dynamics in the form of
Langevin’s equations of motion
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do(t) _ _ . 6H({o,(0})

df 50',~(t) +'h(t),

(4.10)

where each spin is made a function of time, I' is the -

inverse of a relaxation time, and 5,(¢) is a Gaussian
random variable:

i) =0, (n(em;(t)) =2Id;6(t —1’). (4.11)

To be sure, this is not the only possible dynamics
for (4.8), but it reproduces the wandering through
the canonical ensemble at ¢ > I' ™! [25]. We now
discretize the time according to the step At and use
the simplest two-point formula for the time-
derivative, and when we plug (4.1) and (4.9) into
(4.8), eq. (4.10) takes now the form

a(t + 4t)=o0,(t) — Atr(,l(o,?(t) — (1))

+§Za,(x)>+ Atrn,(1).  (4.12)

It should be stressed here that this algorithm
does not converge exactly to the Boltzmann distri-
bution when At is finite. This is not the only prob-
lem with (4.12). Indeed, from the result of section
4.4, we can predict that this algorithm is numer-
ically unstable for very large values of A, because
then (4.12) becomes in fact a cellular-automaton
rule for the two-state per cell Ising model! Notice,
however, that in this expression A is multiplied by
At, thus at vanishing time increments the system is
stable. In a very general way, as Olivier Martin
pointed out to me, the feedback catastrophe can-
not occur in the continuous time limit, because the
transition probabilities vanish with Az.

The numerical meaning of the parameters in
(4.12) can be assessed by means of the following
estimates. The parameter A constrains the value of
each spin around +1 or — 1, with a Gaussian
effective potential of depth I'4, and the thermal
noise capable of moving a spin from the well
centered around + 1 to that centered at — 1 is of
strength /2" /At. In the high T limit, where we can
neglect the Hamiltonian term in o;, a spin can go

from one well to the other and flip if \/1/4¢ is as
large as A. (As both the constraint and the noise are
Gaussian, it is not surprising that this estimate
turns out to be well verified). In the low T limit,
where the Hamiltonian term dominates, the proba-
bility for a spin to flip in the minimal number of
time steps is wé~!, where g is the number of states
per spin (i.e., the number of values that a spin can
assume on the numerical mesh) and w is the
transition strength, at a given 7, between two
successive spin states. At very low T, w is close to
unity, and we should not be astonished to see-a
catastrophe for g = 2! For a value of g as low as
16 (CAM can accommodate 256 states), the feed-
back seems fully damped. We have checked this by
observing that the solution of (4.12) behaves in a
similar manner when o is constrained to take one
of 16 values and when it has a floating-point
computer representation.

4.6. Temperature zero and optimization

The difficulties encountered in section 4 reduce
to the fact that global thermal equilibrium at finite
temperature over the whole array cannot be ob-
tained by a cellular-automaton local transition rule
that follows the mapping (1.1). When, on the other
hand, the concern is the ground-state properties of
a system (7T = 0), we have in fact a minimization
problem and cellular automata based on (1.1) can
prove to be very effective. Take the Ising case
again. A cellular-automaton rule will produce the
unwanted feedback only at sites of high local
energy ¢, but it behaves in a satisfactory way inside
homogeneous domains. Define now a new rule that
follows the cellular-automaton Ising rule for
aligned domains, but ignores it in the checkerboard
domains of high energy. The new rule will flip a
coin instead. Physically, it puts these regions at an
infinite temperature. We observe then a growth of
the T =0 domains at the expense of the dis-
locations and the oscillatory monsters. What was
a weakness for finite temperatures, i.e., the failure
to satisfy the zeroth principle of thermodynamics
and obtain a uniform temperature over the array
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proves to be a strength at T = 0. The nucleation of
cold domains is enhanced while the dislocations
are locally burned. This method also gives spec-
tacular results for the fast production of a single
metamagnetic crystal (see the end of section 3).

The most interesting zero-temperature problems
might well be the most difficult ones, that for
example involve frustrated bonds. The standard
procedure [32, 33] for the numerical investigation
of the ground states of such lattices is by the
simulation of a very gradual scheduled annealing
with a careful Monte Carlo thermalization at every
step down in T. If the cellular-automaton method
could be adapted to this problem, it would be
substantially faster than the standard method since
it starts to breed the T = 0 domains from the very
beginning of the calculation. To be sure, such an
adaptation could turn to be a very difficult chal-
lenge, since in presence of frustration there is no
evident local signature of the “good” domains.

5. Cellular automata as discrete dynamical systems

5.1. Non-ergodicity and order parameters

The most remarkable two-state-per-cell count-
ing rule in the von Neumann neighborhood is, in
my opinion, the Q2R rule. (It is the reversible rule
constructed on the self-conjugate rule Q2 by For-
mula (2.1)). Notice that Q2 is a second way
(besides Q13) to generalize to two dimensions the
“mod 2” rule D1: it assigns a one whenever zeroes
and ones are in equal number among the four
neighbors). The new state Y of the center cell that
Q2R defines can be expressed with the BASIC
statement* (where CPAST = C'~!)

Y = ((Q = 2) # CPAST).

By construction, Q2R is time-reversal invariant
and also rectangle-confined for patterns of ones in
a background of zeroes. It therefore inherits all of

* Here again, FORTRAN 1V is less compact but easier to
read: T=0; IF (QEQ.2) Y =|; IF (CPAST.EQ.]) Y=1-Y.

the nice properties described in sections 2.2 and
2.3. The specific behaviour of Q2R can be de-
scribed as follows: when the initial condition con-
tains solid shapes of ones at 1 =0 and ¢ = 1, one
always observes a rapid drop in the number of
ones. This drop is however limited: the system
must keep enough ones in order to accommodate
for the encoding of the initial condition (it must
“remember it”). After the transient drop, the con-
spicuous arrow of time disappears and the systems
“thermalizes” at a. nearly constant population of
ones, typically of 19, of the original population.
Moreover the motion of the remaining ones is most
often limited to very small oscillations around fixed
patterns. The dynamics of Q2R perform two min-
imization processes: that of the number of ones,
and that of their motion. Also, the equilibrium
patterns often form disconnected islands that from
time to time grow and exchange information. This
fact and the frequent formation of genuine clocks
and counters suggest that Q2R is capable of uni-
versal computation (i.e., it can simulate, for special
initial conditions, the operations of a general-
purpose computer).

In view of section 2.2, we shall use freely the
terminology of classical mechanics. The first min-
imization process encourages us to consider the
number of ones as a kind of potential energy. The
second one indicates that the potential wells can be
deep and narrow. The Kkinetic energy could be
related to the number of zeroes created in the
original rectangle: it is zero at ¢t =1, when the
potential energy is maximum. Yet, the exact form
of the analogue of the total energy is not evident.
Nevertheless we know that this total energy is
conserved, and we can ask whether or not an
evolution eventually visits all the configurations of
that energy, rendering averages over the energy
surface in the phase-space equivalent to averages
over very long times. In other words, we ask if the
rule Q2R is ergodic. The classical ergodic theorems
guarantee that an evolution is ergodic if it is
metrically transitive, i.e., if the energy surface is
indecomposable into disconnected manifolds (see
e.g., ref. [16]). It might seem hopeless to look for
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the ergodic properties of this cellular automaton,
since we do not know the form of the total energy,
let alone the topology of the energy surface in the
set of all the configurations. It is not so. The rule
Q2R illustrates beautifully the following general
point. There are two different reasons for the
decomposability of the energy surface. The first is
when there exist additional “important exact dy-
namical symmetries” besides energy (Poincaré’s
uniform integrals). In Q2R, parity is such a sym-
metry: a dyssymmetric shape never reaches its
mirror-image, despite the obvious degeneracy in
energy. A second, and more interesting cause of
decomposability of the energy surface is the exis-
tence of quantities that become exact constants of
the motion for an infinite number of degrees of
freedom only. These are the order parameters, the
classical example of which is the magnetization. It
is only in the thermodynamic limit that the mag-
netization of a ferromagnet at 0 < T < T, is guar-
anteed not to change its sign because of a
fluctuation. A ferromagnet (described, say, by the
Ising model) has one order parameter and two
degenerate ground states. Spin-glasses [46, 52], on
the other hand, have in the thermodynamic limit an
infinite number of degenerate ground states, and
an infinite number of order parameters are needed
to characterize them. In other words, expressed by
Hyman Hartman at this workshop, a ferromagnet
is to one bit of memory what a spin-glass is to an
infinite amount of information storage and com-
plexity.

Let us come back now to the Q2R cellular
automaton and consider the set of initial condi-
tions that, for both initial times, are made of
rectangles full of ones in a background of zeroes.
There are the two major cases depending on the
size a x b of the rectangles.

(A) a=>b or a and b are multiple of 4. The
cellular automaton starts to lose most of its ones
but it soon regains them: the motion is periodic
with a short-period (in time steps, about twice the
number of cells in the larger side). But as soon as
the regularity of the initial configuration is per-
turbed by one cell, the period becomes extremely

long, a manifestation of a long Poincaré recurrence
time. The regular initial conditions correspond to
the exceptional initial conditions for which the
motion is manifestly not ergodic (viz., a non-
interacting gas with all the initial velocities parallel
to the wall of a cubic box).

It is interesting to observe how the cellular
automaton encodes the location of the per-
turbation (and its size, in case several cells are
involved). In many instances the region of the
original perturbation loses after a few steps all
traces of its special meaning at ¢ = 0. The cellular-
automaton dynamics seems to have forgotten the
site of the perturbation, but in fact it remembers it
via a totally delocalized encoding.

(B) a # b and a and b are not both multiple of
4. In that more general case, one observes again the
rapid drop of the number of ones and soon the
system stabilizes and oscillates for a larger number
of time steps around a fixed shape that looks, say,
like the letter H. When it has apparently exhausted
all the allowed configurations around that shape,
it rapidly generates a very large number of ones
and briefly reaches about 809 of its original pop-
ulation, then it drops again from what appears to
be the top of a potential barrier, and falls into an
oscillatory motion about a new shape, say the
letter X. (A second cycle of identical oscillations
around the same shape is forbidden: it would have
a merger at its entry-point, also it would mean
forgetting the original rectangle. A reversible evo-
lution cannot enter nor leave a cycle.) When the
size of the original rectangle increases, the number
of different patterns that host the small oscillations
in a global Poincaré period increases, as does the
time spent around the individual patterns. In the
limit of extremely large rectangles, the cellular
automaton will remain in the first visited pattern
and not wander through the set of allowed
configurations. The energy surface of Q2R con-
tains a very large number of deep and narrow
potential wells, separated by high barriers. We .
have thus recovered an important behaviour of
spin-glasses. The ingredients of this behaviour are
known to be disorder and frustration. The same
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ingredients can be recognized in Q2R. First, disor-
der is definitely there. Excluding the trivial fourfold
symmetry inherited from the rectangular initial
conditions, the system does not exhibit any order
when it is at the bottom of a potential well. It
displays what seem to be random sequences of
scattered ones. Yet, the patterns can be described
with a very small amount of information as the
result of n steps of evolution following Q2R of a
rectangle of size @ x b. This apparent disorder has
in fact a low algorithmic entropy. This cellular
automaton appears to be a good laboratory for the
ideas of Bennett and Chaitin [8, 13, 22]. The anal-
ogy with frustration, on the other hand, is not so
convincing. It might correspond to the fact that the
system is reversible but did not start from an
eigenstate. It will never reach a stable configuration
(as, e.g., “Life” does), but rather will try vainly
and forever to satisfy all its bounds. Hyman Hart-
man brought to my attention the fact that although
Q2R behaves like spin-glasses (i.e., according to
approach (ii)), in general cellular automata cannot
faithfully model all the degrees of freedom of these
materials (i.e., following approach (iii)). The rea-
son is the disorder in a spin-glass is quenched and
cannot be represented by a wuniform cellular-
automaton rule. It turns out, however, that non-
uniform transition rules can readily be imple-
mented by CAM [56]. This brings us back to
approach (i)!

5.2. Fractals and relaxation to chaos through period
doublings

Wolfram [60] discovered that plots of one-
dimensional cellular-automaton evolutions as a
function of time often generate beautiful fractal
[38] figures. Even when no plot against time is
involved, many two-dimensional cellular automata
also form scale-invariant patterns. In a general-
ization of “Life” recently devised by Wainwright,
some simple configurations generate fractal
flotillas of “gliders.” In counting rules, the generic
form of fractal patterns is always that of multiple
“Maltese crosses’ (a cross on each of the four arms

of which grow three crosses on each of the four
arms of which grow three crosses . . . ). These beau-
tiful figures have been observed in 1965 by Fredkin
[21] on the “mod 2" rule Q13 and in 1969 by Ulam
[71 with the double-counting rule Q1Q01234
applied on a single seed.

The fractals produced by the rectangle-confined
rule V2R present an additional physical interest.
Starting with a non-convex pattern of ones at 1 = 0
and ¢ = 1, the evolution consists in a filling of the
concavities by Maltese crosses. This evolution is
first periodic both in space and time. But soon the
cycles become more and more complicated, the
doubling of their temporal period occurs, and
eventually the patterns become chaotic both in
space and time. Notice that the chaos is not set
here by varying a parameter, like in the logistic
mapping [10, 29]. The phenomenon displayed by
rule V2R is a relaxation rather than a transition to
chaos. The double-counting rule VI1VR also pro-
duces very long sequences of period doublings of
oscillating fractal patterns with initial conditions
made of several seeds forming a sublattice (a con-
struction readily obtained with periodic boundary
conditions).

5.3. Local conservation laws, Faraday shields, phase
velocity, causality and light-cone cooperative behav-
iour, and non-separability

There exist patterns (e.g., adjacent ones and
zeroes in two consecutive configurations) that are
invariant under the evolution of some time-reversal
invariant rules. Such patterns cannot appear nor
disappear during an evolution, they are character-
istic of the initial conditions. Margolus, who dis-
covered these effects on rules VO5R and V1234R,
calls them local conservation laws [39] since they are
related to fixed sites. When such patterns form a
closed “curve,” they partition the array into an
interior and an exterior region that do not
influence each other: a perturbation outside of a
region cannot be perceived inside of it: the invari-
ant curves act like Faraday shields to information
propagation. Furthermore, when the curves form
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a regular sublattice (see above), a regime is soon
reached where they emit wave-trains of zeroes and
ones the nodes of which travel at a speed larger
than a cell per time-step (the “speed of light”).
Such “phase velocities” reveal the undamped cor-
relations that occur over the whole array: distant
cells do not communicate, yet they seem to
“know” about each other’s state and conspire to
produce large stable coherent patterns. Despite this
apparent supraluminal exchange of information,
causality is of course not violated. Indeed, these
distant cells all belong to the future light-cone of
some past event, that constitutes their common
cause. It is the exact reversibility of the discrete
dynamics that forbids all forms of damping and
enables the array to feel the full strength of the
consequences of this event from the remote past.
These undamped correlations are a general feature
of reversible cellular automata: the information
carried by correlations is always fully conserved,
even though conspicuous few-cell correlations gen-
erally diffuse, in an apparent irreversible way, into
many-cell correlations (cf. section 2.2). These very
stable coherent patterns* are reminiscent of the
structures produced out of equilibrium by dissi-
pative systems that are driven by external forces
(e.g., in the Rayleigh-Bénard’s convection [53]).
The locally conserved shapes seem to act like
sources and sinks of energy, despite the fact our
cellular-automaton dynamics is reversible and the
array is isolated. This conflict challenges the char-
acterization [44] of a discrete dynamical system as
“Hamiltonian™ by its obeying Liouville’s theorem;
or, alternately, it challenges the usual association
of large-scale coherent structures and cooperative
behaviour with dissipative phenomena.

These correlations that lay dormant for a long
time and manifest themselves in the most sur-
prising ways can naturally occur whenever the
initial conditions are not set at random. If spatial
correlations are present at ¢ =0, the determinism
of the dynamics together with the absence of

*See color plates in Taffoli [56], this volume.

**Peres and Zurek [48] have clarified the connection between
nonseparability and determinism.

damping carry on the nonseparability of the system
for an arbitrary length of time. This non-
separability permits in principle a cellular automa-
ton to circumvent (in a rather trivial way, to be
sure) Bell’s theorem [2, 9] and to exhibit certain
characteristics expected only of quantum systems**.
(See Feynman [18] for a detailed discussion of
cellular automata and Bell’s inequalities.)

5.4. More on rule T13: a global conservation law,
diffusion of the least significant bit, and the hyper-
bolic behaviour of cellular automata

Let us write the heat equation in one dimension
in the form

Fi 8 ( ou
5, Cu _a—x(K5;>, 5.1)

where u is the temperature field, C the specific heat
and K the thermal conductivity. A double integra-
tion of (5.1) over both space and time is reduced
by Green’s formula to a single contour integral

§(Cu dx + K@ dt> =0. (5.2
0x

This relation expresses the conservation of heat:
the difference of heat contained in an arbitrary
region between two times equals the sum of the
losses across the boundaries between these times.
Let us find out now the relevance of this to cellular
automata. The simplest discretization of (5.1)
reads, i being the spatial index,

u:+|—u".=u'l.+l—2u,!+u;_|, (5'3)

where we took C = K and the discretization steps
to unity. In modulo 2 integer arithmetic, this is
nothing but the “mod 2" cellular-automaton rule
T13! Similarly, a central difference discretization of
the time-derivative in (5.1) would give the second
order rule DIR. These rules can then be said to
describe the diffusion of the least significant bit. (It
would be interesting to observe in this manner the
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turbulence of the least significant digit in the
resolution of Navier-Stokes equation in modular
arithmetic.) The derivation of (5.2) from (5.1)
applies here too, because the heat equation is
linear — and in the linear domain all the results of
differential and integral calculus have their exact
equivalent in the calculus of finite sums and
differences. Summing (5.3) over both space and
time yields a cancellation of most terms, an exact
discrete counterpart of the elementary derivation
of Green’s formula. We then get the single sums

5 Tp-1
Zl (uirz_uirl)=lzr (Ul —up,—uj +uj_y).
=1 =N

In modulo 2 arithmetic, this relation equates for
T13 the parity difference between times 7, and T,
of an arbitrary segment of the array to the parity
losses through the boundaries i =1, and i =1,
This result extends of course immediately to “mod
2” rules in higher dimensions. The simple exact
correspondence between heat and parity of bits
permits a precise discussion, though in a very
restricted context, of the question of conservation
and flux of information.

We notice here an important limitation of the
simulating ability of cellular automata. We started
with a parabolic PDE, but obtained a behaviour
typical of hyperbolic PDE: the heat equation trans-
mits information with infinite speed (a rather un-
physical feature), but cellular automata produce a

* To be sure, the same is true with any discrete system, e.g.,
a digital computer, but the finiteness of the speed of propaga-
tion is particularly conspicuous with cellular automata endowed
with a small number of states per cell.

** Whereas this view has not affected the current under-
standing of physics, it has motivated original advances in the
theory of computation, viz., reversible logic, the billiard-ball
model of computation [19], and a quantum theory of the Turing
Machine [3]. These results establish direct mappings between
physical (non-dissipative) systems and general-purpose
information-processing systems. These mappings (that had for
long been “proven” not to exist, [4]) are important for the
efficiency-minded computer designer, since they automatically
include physical constraints and tradeoffs into a computation
model. Such mappings are also of great conceptual interest,
since they permit an accurate transfer of notions and methods
from physics to the theory of computation [19, 39].

heat wave-front that propagates with finite
velocity*.

Maybe this limitation could in fact “give a
point” to the “fundamentalist” approach (iii),
exposed just below? Cellular automata are here in
definitive conflict with the continuum modeling,
but indeed parabolic equations are as a rule ap-
proximate or result from a statistical or macro-
scopic modeling.

6. Cellular automata as original models of physics

Until now we have taken the expression “simu-
lating physics” in its weaker acceptations, i.e.,
computer treatment (section 3), or conceptual ana-
logies (section 5). But “simulating” may be given
a stronger meaning, as in the sentence “RCL
electrical circuits can simulate mechanical oscil-
lations”. It is this sense of exact correspondence
that Feynman uses in his article “‘Simulating Phys-
ics with Computers” [18]. Trying to use cellular
automata to simulate physics in this sense is a bold
approach but is in line with the atomistic tradition
that advocates taking discreteness seriously (cf.
Toffoli’s “Cellular automata as an alternative to
(rather than an approximation of) differential
equations in modeling physics” [57]). This old
tradition has taken on a modern specialization
that, stated grossly, sees nature as locally—and
digitally — computing its immediate future. Fredkin
has exposed this view** at this workshop; see also
the articles by Feynman, Finkelstein, Minsky,
Wheeler, and Zuse in the proceedings of the 1981
conference on Physics of Computation, Part II:
Computational models of physics [35].

A major merit of this approach is that it carries
to its logical consequences the seemingly innoc-
uous statement that ““digital computers can simu-
late everything”. This view is tacitly endorsed by
most physicists in their daily intercourse with the
computer, yet it conflicts with the standard for-
mulation of physics. Almost twenty years ago,
Feynmann has expressed his concern with this
conflict. -
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“It always bothers me that, according to the
laws as we understand them today, it takes a
computing machine an infinite number of log-
ical operations to figure out what goes on in no
matter how tiny a region of space, and no
matter how tiny a region of time. How can all
that be going on in that tiny space? Why should
it take an infinite amount of logic to figure out
what a tiny piece of space/time is going to do?
So I have often made the hypothesis that ulti-
mately physics will not require a mathematical
statement, that in the end the machinery will be
revealed, and the laws will turn out to be simple,
like the chequer board with all its apparent
complexities.”

An awesome thought! But since we have not so
far come across a cellular automaton that can
pretend to be an original model of physical phe-
nomena, it is only appropriate to go on with the
quote:

“But this speculation is of the same nature those
other people make-°‘I like it’, ‘I don’t like
it’,—and it is no good to be prejudiced about
these things.”

‘ 7. Conclusion

Cellular automata are definitely capable of vari-
ous levels of simulation of physics. Approach (i),
defined in the introduction and illustrated in sec-
tion 3, places cellular-automaton hardware
resources [56] between special-purpose machines
[36, 47] and general-purpose computers. Because
of that particular position in the tradeoff be-
tween efficiency (that characterizes the former),
and versatility (embodied by the latter),
cellular-automaton machines can be seen as
general-purpose machines for discrete problems
with local interactions. The validity of the simu-
lations by cellular automata of space-discrete sys-
tems (lattices) is however conditional to the taming
of the effects of the two other discretenesses (time
and variables, see section 4).

In contrast with standard simulations, cellular
automata do not only seek a mere numerical
agreement with a physical system, but they attempt
to match the simulated system’s own structure, its
topology, its symmetries, in short its ““deep” prop-
erties. The exact computability of cellular auto-
mata is a precious asset for the study of these
properties. For example, there are fundamental
connections between microscopic laws and global
behaviour that derive from a system’s very revers-
ibility. (Conservation laws, for example, owe their
existence to the need to keep the memory of the
past.) To investigate these connections it is im-
portant to have models whose evolution can be
computed exactly for an arbitrary length of time.
In contrast, if a computation throws away some
information about the current state of the system
(say, by approximating a real variable by its near-
est computer-word representation), it fails to cap-
ture the very information-preserving nature of the
reversible process one is interested in.

Furthermore, the originality of cellular auto-
mata as exactly computable models yields novel
insights into-old problems. The ergodic theorem,
for example, finds its traditional motivation in the
fact that it equates a quantity deemed impossible
to approximate (average over time) to a quantity
calculable in principle with the prescriptions of
statistical mechanics (average over the energy sur-
face). For cellular automata the order of difficulty
is precisely reversed (section 5.1): there is a priori
no access to the geometry of the energy surface; on
the other hand, the exact measurement of observ-
ables is immediate and the accuracy of their time-
average is only a matter of statistics. In the same
vein, reversible cellular automata show how non-
separability can be very simply related to damping,
causality, and the exact conservation of informa-
tion (section 5.3).

The distinction between approaches (i) and (ii)
make many simulations by cellular automata a
guaranteed winner. Either the observables of a
cellular automaton agree with those of a physical
system or model, and approach (i) justifies the uses
of that particular cellular automaton; or, as we saw
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instances in section 5, a cellular automaton has no
structural resemblance with any physical system
but nevertheless exhibits features that are unques-
tionably physical. Then approach (ii) demonstrates
the power and generality of concepts which,
though conceived for a physical problem, cannot
only be applied but also defined in contexts totally
unrelated to physics. Entropy is of course the
classical example of such a concept, and the “suc-
cess story” of its successive extensions from a
strictly thermodynamical quantity to an arch no-
tion in the foundation of statistics [36] seems
impossible to match. Yet it appears that with phase
transition, order parameter, conservation and loss,
physicists have invented notions that turn out to be
more powerful than originally suspected. Cellular
automata indicate that these notions have a
broader scope because they are ultimately based on
primitives of computational and informational
nature—such as counting, labelling, and
comparing — rather than on specialized aspects of
physics proper. The physicist who would claim that
these extensions of meaning are of little use for his
trade might prove to be less guilty than Oswald
and Mach in their rejection of Boltzmann’s en-
tropy. The computer scientist, on the other hand,
cannot legitimately ignore the central role that
physics plays in the theory of computation. But
this is another story [3, 19, 39].

Most of the physical features of cellular auto-
mata presented in this article were obtained by a
systematic study of a restricted class — the counting
rules. It is urgent to investigate wider classes
(double-counting rules, larger neighborhoods,
starting maybe with self-conjugate rules) in order
to reveal more of these features. But limiting the
research to this kind of “physics a posteriori”
would be a dubious methodology. In a large
measure, cellular automata have been so far a kind
of Rorschach test for physicists, who recognize in
them their pet models. It is equally urgent to
continue the general investigations on discrete
modeling. It would be useful, for example, to put
the mechanical analogies of section 2.2 on a
sounder ground, say, by constructing a discrete

Legendre transform that would justify the
identification of two consecutive configurations of
a cellular automaton based on (2.1) as a point in
a phase-space. Also, it would be interesting to
know whether the characterization of a discrete
dynamical system as Hamiltonian on the basis of
its obeying Liouville’s theorem is unique, or even
valid (see section 5.3). Would a criterion based on
a discrete analogue of the symplectic structure
define a different kind of discrete Hamiltonian
systems? Likewise, it is challenging to generalize
the derivation of global conservation laws (section
5.4) to nonlinear rules.

All these questions pertain to the same problem.
In recent years, many efforts have been devoted in
order to identify and to the study the phenomena
that do not depend on the details of the underlying
microscopi¢ interactions, but rather on symmetries
or on universality classes. It is natural to go on the
next step and to try to find out what are the
processes, the laws, and the formal structures of
physics for which the continuous nature of space,
time and of dynamical variables is not essential.
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CELLULAR AUTOMATA AS AN ALTERNATIVE TO (RATHER THAN AN
APPROXIMATION OF) DIFFERENTIAL EQUATIONS IN MODELING PHYSICS*

Tommaso TOFFOLI

MIT Laboratory for Computer Science, 545 Technology Sq., Cambridge, MA 02139, USA

Cellular automata are models of distributed dynamical systems whose structure is particularly well suited to ultrafast, exact
numerical simulation. On the other hand, they constitute a radical departure from the traditional partial-differential-equation
approach to distributed dynamics. Here we dicuss the problem of encoding the state-variables and evolution laws of a physical
system into this new setting, and of giving suitable correspondence rules for interpreting the model’s behavior.

1. Introduction
1.1. Preview

We shall present a train of thoughts that in
summadry runs more or less as follows. (a) There
are novel computational resources which on cer-
tain tasks may outperform conventional resources
by very, very many orders of magnitude. (b) In
comparing the two classes of resources, it becomes
obvious that the conceptual development of math-
ematical physics must have been strongly
influenced by the nature of the available com-
putational tools. (c) The new resources suggest a
new approach to the modeling and simulation of
physical systems; in particular, it is possible to
replace the customary concepts of real variables,
continuity, etc., with more constructive and
“physically-minded” counterparts.

1.2 Infinities in mathematical physics

Mathematical physics, both classical and
quantum-mechanical, is pervaded by the notion of

* This research was supported in part by the Defense Ad-
vanced Research Projects Agency and was monitored by the
Office of Naval Research under Contracts Nos.
N00014-75-C-0661 and N00014-83-K-0125, and in part by NSF
Grant No. 8214312-IST.

T In particular, the elements of T are continuous with respect
to the topology of Q and commute with the elements of S.

a “‘continuum,” that is, the set R of real numbers
with its natural ordering and topology. Maxwell’s
equations provide a typical example. There, space
is a structure S diffeomorphic to R? and the
electromagnetic field at each point is an element of
0O = RS, so that the phase space for the whole field
is 05 = (R®®, a very uncountable state set! On this
phase space, we assign a dynamics in the form of
a group of transformations T (time) indexed by R.

How do we manage to specify in some construc-
tive way the behavior of a system beset by so many
uncountable infinities? Part of the answer is that
we do not deal with the “generic” system. Rather,
we concentrate on systems having such very special
properties (e.g., continuity, uniformity, locality,
linearity, or reversibility — Maxwell’s equations
happen to have all of these properties at oncet)
that most of the infinities ‘““‘cancel out,” so to speak,
and we can make some definite qualitative or
quantitative statements about the system’s behav-
ior. Of those special properties, the most important
for taming infinities is certainly continuity. Intu-
itively, a small uncertainty about the system’s
initial state leads to a correspondingly small uncer-
tainty about its final state, so that we don’t have
to worry about capturing its state with “infinite”
precision, whatever that may mean. More pre-
cisely, in mathematical physics, even when we
choose for technical reasons to represent states as
encoding an infinite amount of information, the

0167-2789/84/$03.00 © Elsevier Science Publishers B.V.
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temporal correlations between states introduced by
the dynamics may be much more finite*.

In conclusion, in modeling physics with- the
traditional approach, we start for historical rea-
sons (see below) with mathematical machinery that
probably has much more than we need, and we
have to spend much effort disabling or rein-
terpreting these “‘advanced features” so that we
can get our job done in spite of them. On the other
hand, in this paper, we outline an approach where
the theoretical mathematical apparatus in which:
we “write” our models is essentially isomorphic
with the concrete computational apparatus in
which we “run” them. Starting from this finitary
approach, the few infinities that we may still want
to incorporate in a physical theory (e.g., as the size
of a system grows without bounds) are defined as
usual by means of the limit concept. However, in
our approach the natural topology in which to take
this limit is that of the Cantor set, rather than that
of the real numbers.

1.3. Old and new resources

Traditional computation, whether by man or
machine, involves the sequential processing of a
few dozen or at most a few thousand “objects.” In
symbolic computation the objects are formulas and
the processing is done by means of derivation rules,
while in numerical computation the objects are
finite numbers and the processing entails algebraic
operations. (At a more microscopic level both
kinds of computation use set operations on very
small sets of symbols; however, both computers
and people come already hardwired to pérform

* Cf. a very clear discussion by Everett [2]. The salient point
is that “the amount of information in a state” is not as
important a concept as *“the amount of correlation between two
states.” While information is measured in a way that has a
certain amount of arbitrariness (it depends on the “gauge”
chosen), correlation is a “gauge-invariant,” absolute quantity.

1 We call scalar a quantity whose values are naturally ordered
and spaced on a linear scale—as contrasted to quantities that
range over an unstructured set.

1 These segments are of uniform width for INTEGER vari-
ables, and exponentially increasing width for REAL ones.

higher-level operations on larger data “chunks.”)

Let’s consider numerical computation as per-
formed by ordinary computers. As long as fast
computer memory is very expensive (as was the
case until recently), it is necessary to encode infor-
mation about a system’s state in a very compact
way. If an n-bit machine word can encode 2"
different states, then, for instance, we use each one
of these states to represent a different value for a
scalar quantityt; thus we arrive at the INTEGER
or REAL variables, of, say, FORTRAN, where a
portion' of the real line is chopped up into a
number of segments} and a different binary code
is assigned: to each segment. Representation com-
pactness is bought at a price; i.e., processing of
these variables requires a rather complex piece of
machinery called an “arithmetic/logic unit” (for
INTEGER variable), or a much more complex
piece of machinery called a .“ﬁoating-point” pro-
cessor (for REAL ones); the latter mechanism can
be simulated by a lengthy program running on the
arithmetic/logic unit. The cost of such hardware is
many orders of magnitudes larger than that of a
memory word, and thus the customary approach is
to time-share it among the few thousand (or
million) words that make up the memory.

We shall consider now a different approach.
Today, pure memory, i.e., without input/output
buffering and access circuitry (such as the custom-
ary binary-addressing tree), is essentially a free
commodity: at one bit per micron square, one
could pack = 1.Giga (~2*) bits on a 1-inch chip.
Then let’s be bold, and decide to use some sort of
uriaty — rather than binary — notation to encode a
scalar variable. That is, the value of the variable
will be just the number of ones in a certain portion
of memory; that’s extremely lavish—an integer
that used to occupy a 16-bit word will now take 2'¢
bits! However, this extravagance in storage buys us
certain advantages in processing. A scalar variable
is now just a “bag” of ones (the position of each
bit is irrelevant: each bit has the same weight), and
to add two bags we can just “pour” their contents
together. As we shall explain in detail later, vari-
ables that are encoded in a distributed, local, and
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Fig. 1. The “sum” of two unary-encoded scalar variables, as
performed by bit-wise ORing.

uniform way (as our bags of ones) naturally lend
themselves to processing that is distributed, local,
and uniform.

For instance (this is a very naive example — don’t
laugh but read on!), suppose we have two of these
2'-bit words that we want to add. Let’s be extrav-
ragant again, and attach a miniature arithmetic/
logic unit to each bit. This will be a simple OR
gate, no more complex than the FLIP-FLOP
which realizes a memory cell. Then we can proceed
as in fig. 1.1. After just one propagation delay, the
result register will contain the “sum” of the two
words. Note that, in this “sum,” 1’s that are in a
homologous position in the two words will con-
tribute only 1 — rather than 2 — to the total. Though
the relative error decreases very fast as the 1’s in
the two words become sparse (intuitively, when our
universe consists mostly of vacuum), this is still an
approximate and rather inefficient way of doing
things, and that’s why we call the example “naive.”
The important point is that all the processing is
local. There is no feedback, no carries, no long
lines that traverse the whole chip and whose capac-
itance we have to charge and discharge. All can be
done in a fraction of a nanosecond. We wasted
many powers of two by using unary rather than
hinary encoding; but we recoup many powers of
two from the fact that in our scheme memory only
needs local access and thus can be somewhat
denser, and processing is done locally and thus can

* A well-known example of a cellular automaton is John
Conway’s game of “life” (cf. Martin Gardner, “The fantastic
combinations of John Conway’s game ‘life’,” Scientific Ameri-
can, 223:4 (1970) 120-123). This cellular automaton was shown
by Bill Gosper to be computation-universal. For a systematic

introduction to cellular automata, refer to Toffoli [8].

be extremely faster. It is this lack of overhead that
makes our approach attractive for many kinds of
physical computation, where one deals with sys-
tems that are inherently distributed over spacetime
and subjected to laws that are local and uniform.

In the above example we applied local pro-
cessing to a machine word which encoded a scalar
variable and which would typically represent a
lumped quantity of a physical model. But lumping
is usually introduced artificially, in order to adapt
a problem to the techniques of ordinary numerical
computation. However, if we are able to do local
processing at an extremely fine scale, we might as
well directly construct our models, much more
naturally, as ones in which variables and parame-
ters are distributed. We shall introduce a quite
general class of such models and discuss their
relevance —in the light of the new computational
resources — for both theoretical and practical
mathematical physics.

2. Cellular automata vs. differential equations
2.1. Generalities

We assume some familiarity with the concept of
“cellular automaton”*.

In the cellular-automaton model of a dynamical
system, the “universe” is a uniform checkerboard,
with each square or cell containing a few bits of
data; time advances in discrete steps; and the “laws
of the universe” are just a small look-up table,
through which at each time step each cell deter-
mines its new state from that of its neighbors; this
leads to laws that are local and uniform. Such a
simple underlying mechanism is sufficient to sup-
port a whole hierarchy of structures, phenomena,
and properties. Cellular automata provide emi-
nently usable models for many investigations in
physics, chemistry, and biology, as well as for
experiments in combinatories and for studies in
parallel computation [8].

Many theoretical results have appeared on cellu-
lar automata. Yet, the fundamental problem (as in
the case of partial differential equations, of which
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cellular automata represent a discrete counterpart)
is to determine the temporal evolution of the
system, and this problem in general does not have
an analytical solution. That is, in order to describe
the state g, that the system will attain in ¢ time-steps
starting from a given initial state g, the only
general method is to construct one-by-one the
intermediate states q,...,q,_,, i.€., to perform
numerical integration. Note, however, that because
of cellular automata’s intrinsic discreteness, here
numerical integration is an exact process (there are
no truncation or round-off errors to worry about),
and the results that one obtains have thus the force
of theorems. In other words, any properties that
one discovers through simulation are guaranteed
to be properties of the model itself rather than a
simulation artifact.

2.2. Physical realization of cellular automata

Much as Gutenberg developed a way to re-
produce in an arbitrary number of copies static
information-bearing structures such as text, the
introduction of integrated-circuit technology has
made it possible to replicate at will dynamic
information-processing structures such as elec-
tronic circuits.

There are four main factors that determine the
cost/performance ratio of an integrated circuit,
namely, circuit design and layout, ease of mask
generation, silicon-area utilization, and max-
imization achievable clock speed; for a given tech-
nology, the latter is inversely proportional to the
maximum length of critical signal paths. In terms
of these four parameters, cellular automata are
perhaps the computational structures best suited
for a VLSI realization. In fact, circuit design
reduces to the design of a single, relatively simple
cell, and layout is uniform; the whole mask for a
large cellular-automaton array (that is, not only
the cells with their internal connections but also the
interconnections between cells) can be generated
by a step-and-repeat procedure; essentially no sil-

* Though from an abstract viewpoint speed is irrelevant,
imagine having to do actual genetics research using generations
of elephants rather than of Drosophila!

icon area is wasted on long interconnection lines;
and, because of the locality of processing, the
length of critical paths is minimal and independent
of the number of cells.

Ignore, for a moment, what it is that a cellular
automaton actually computes, and whether it can
be put to any good use. The fact remains that if I
put one-million dollars’ worth of cellular-
automaton. VLSI circuits in a black box, and ask
somebody to simulate its behavior with one-
million dollars’ worth of general-purpose com-
puter, their simulation will be perhaps 10" (one
million million) times slower. The challenge is, of
course, unfair, because a general-purpose com-
puter is optimized to do other things, but that is
exactly the point! In other words, with suitably
realized cellular automata one can see things that
cannot be seen any other way. Whether these
things are worth seeing—well, that’s another
matter, and. this paper attempts to make educated
guesses about it. Probably the issue can only be
judged a posteriori. '

In this context, we have constructed a special-
purpose cellular-automaton machine [9] which,
although based on serial processing, is about a
thousand times faster that a general-purpose com-
puter programmed for the same task. Experiments
in parallel dynamics using this machine have been
very rewarding (cf. Vichniac [10]), and we have
confirmed at least in a qualitative way the fea-
sibility of the approach discussed in 2.3 below*.

2.3. Partial differential equations in spacetime

Let us consider a partial differential equation
with space- and time-independent parameters; for
concreteness, let us choose the heat equation

or .,
c Frin kV*T. (1.1)
This is a mathematical model which is widely used
for two reasons: (a) it may represent passably well,
at a certain level of description, the behavior of a
physical system, and (b) we have a rich catalog of
techniques for making mathematical deductions
from it. To what extent these deductions apply to
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the physical system itself depends on how good
correspondence (a) is.

For instance, T(x,¢) in (1.1) is a real-valued
function defined at each point of (abstract) space
and time. In the solution of (1.1), even if we assign
T at time ¢t =0 in a quite arbitrary way (for
instance, as a sum of step functions), T will be a
continuous function of x for any ¢ >0. This is
important, since operationally we cannot measure
a temperature at a point; we can only measure the
mean temperature over a finite volume. The corre-
spondence between system and model is then set up
at this level; after that, a point temperature is
defined, within the model, as the limit of mean
temperature as the volume goes to zero. Continuity
guarantees that this limit exists.

Now, for volumes that are not too small the
correspondence between measured mean tem-
perature and its mathematical counterpart works
well, in the sense that as we make the volume
smaller the measured values fall within a smaller
and smaller interval. However, beyond a certain
point this correspondence breaks up, and the
smaller we make the volume the wilder are the
results that we get. This applies not only to con-
tinuity in space but also to continuity in time: a
temperature probe will reveal larger and larger
fluctuations as its thermal inertia is made smaller.

In conclusion, if eq. (1.1) manages to model well,
in the large, certain physical systems, it does so not
because it rests on the axiomatics of the calculus,
which are not shared with the physical system, but
because it must somehow capture other essential
properties of a diffusion process, such as locality of

“effects, conservation of certain quantities, etc.
Other mathematical approaches might be as (or
more) successful at modeling a physical system in
the large, and at the same time provide a better
insight into a system’s microscopic behavior.

The great advantage of differential equations,
such as (1.1), is that we have three centuries’
experience with methods for their symbolic inte-

* The choice of suitable differences, ostensibly made accord-
ing to definite ‘‘correspondence rules,” actually requires a
certain amount of black magic to be really successful; cf.
Labudde and Greenspan [3] for an interesting discussion.

gration. As long as all computation had to be done
by hand, it paid to stylize the physics in a certain
direction so as to be able to handle the resulting
mathematics. But few differential equations have a
closed-form solution anyway, and the past fifty
years have seen numerical computation make
bolder and bolder claims at being recognized as an
essential part of mathematics.

The moment one gives up symbolic manipu-
lation as a major motive for using differential
equations, one starts wondering whether one
should still keep them as the starting point for
numerical modeling. In fact, they lead to concrete
numerical computation (e.g., as run on a general-
purpose computer) that is at least three levels
removed from the physical world that they try to
represent. That is, first (a) we stylize physics into
differential equations, then (b) we force these equa-
tions into the mold of discrete space and time and
truncate the resulting power series, so as to arrive
at finite-difference equations, and finally, in order
to commit the latter to algorithms, (c) we project
real-valued variables onto finite computer words
(“round-off”’). At the end of the chain we find the
computer — again a physical system; isn’t there a
less roundabout way to make nature model itself?

2.4. The origin of scalar quantities

The present subsection introduces in an informal
way the main point of this paper.

A partial differential equation whose indepen-
dent variables are space and time, such as (1.1)
above, is translated into a finite-difference equation
by the following process: (a) continuous space and
time are replaced by a discrete grid, (b) the system’s
state at each point remains a continuous variable
of the same kind (e.g., real, complex, vector) as in
the original equation, and (c) derivatives are re-
placed by differences between state-variables that
are contiguous in space and time*.

When one translates the finite-difference equa-
tion into a computer algorithm, all one does is (a)
discretize also the real variables, and further (b)
restrict them to a finite range. State variables are
then represented by finite, though quite large, sets.
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The dynamics of the system is expressed by essen-
tially the same difference rules, with the proviso
that overflow or underflow will abort the com-
putation; if the state set is made too small this
aborting will happen so often as to make the
method useless.

In terms of structure, if not of interpretation, a
cellular automaton is a computational scheme just
like the above. The only difference is that the
variables at each point of the grid are only allowed
to range over a very small set —say, two states per
cell, “0” and “1.” This, however, has profound
consequences.

Clearly, with only two states per cell, it is out of
the question to think of a cell as an approximation
of a scalar variable (as we did with cells of type
REAL or INTEGER in FORTRAN), or te think
of a Boolean expression involving the states of
adjacent cells as an approximation of a real func-
tion of real variables (as we did with FORTRAN’s
algebra). Intuitively, if a picture’s essential features
are on the same scale as the picture’s “grain”, then
we have no picture at all. Now, we could program
the cellular automaton (by choosing a suitable
local rule and suitable initial conditions) to simu-
late a conventional difference-equation scheme;
certain blocks of cells would represent machine
words, other blocks would realize arithmetic/logic
units, etc.—but this is very unnatural and ex-
tremely inefficient. Instead, we shall try an
original —and much more natural — approach.

As an aid to intuition, we shall think of I's as
“balls” floating in a ‘“vacuum” of 0’s. Let us
consider the mean density a, over a certain volume
V, 1ie., the fraction of cells—within that
volume — that are occupied by a ball. « will always
be a number between 0 and 1. If ¥ consists of only
one cell, then a can take on only two values, that
is, either 0 or 1. If ¥ consists of —say— 100 cells,
then the possible values for a will sample the

* The concept of “density” in this discussion can be taken as
a prototype for other scalar variables. such as pressure, tem-
perature, etc.

t The exact shape of this “sphere” does not matter. On an
orthogonal lattice one might as. well take a cube.

A
interval [0,1] much more finely: 0.00,
0.01,...,0.99, 1.00. As the size of V grows toward
infinity, the range of a approximates better and
better the unit on the real-line.

However, in order to speak of a “density field”**
we would like to define the density at a point. Let
x be a point of the grid, and V,, the “sphere”} of
radius r and center on x. Let a,, be the mean |
density in this sphere. For the moment, we shall
associate with a point x the whole sequence of
mean densities a, , a,,, . . . (Without attempting to
take its limit as r goes to infinity).

A few remarks are in order. (1) There is a
trade-off between spatial resolution and resolution
in the density domain. If r is small, we are looking
at a definite place, but density is coarse-valued; to
get finely-spaced values on the density scale we
have to look at a large volume. (2) Let us take a
random configuration (of cell states for the cellular
automaton). For a fixed r, let us study how the
density o,, varies as we move in space. If r =1
(one-cell radius), then as we move x we get for o,
a sequence of 0’s or 1I’s, with no correlation
between the elements of the sequence. As r in-
creases, the values of a will move up and down the
unit interval in a smoother and smoother fashion,
so that in the limit we can speak of a continuous
function. This continuity is not imposed from
above, but arises quite naturally if we observe that
large spheres centered on neighboring points have
much overlap, and thus share most terms in;the
summation that defines mean density. (3) We shall
see later that, once we introduce a dynamics,| we
encounter an analogous discontinuity in the small
and continuity in the large as we move in time
rather than in space. (4) Here, we are using unary
notation to represent the scalar quantity o, as in
the example 1.3, but without committing ourselves
to computer words — or “bags” — of a definite size.
Moreover, under these circumstances the unary
representation is not as wasteful as it might appear
on first sight. When we want high resolution, and
thus must use large bags, it turns out that most of
the bits that make up one bag are shared by the
neighboring bags (cf. (2) above); no matter how
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large r is chosen, encoding is done at a constant
cost of 1 bit per bag! (5) At least so far as the
present static picture is concerned, the properties
of “density” as defined in our model parallel quite
closely those of any of the so-called “point vari-
ables” of actual physics (e.g., charge density, tem-
perature); indeed, the latter are “smooth” statisti-
cal constructs based on an actual ‘“granular”
substrate, and lose their meaning when one, at-
tempting to take a microscopic limit, undermines
their very statistical base. (6) Finally —and this is
an essential point — the practical trade-off for using
small-valued variables interacting only locally is
that with the same bulk amount of computer space
and time we can handle a grid that is thousands of
times finer both in space and in time (cf. 1.3, 2.2).
Thus, even though the interactions between such
simple cells cannot but be elementary, we can hope
to synthesize quite complex interactions through
massive iteration. We know that the Gaussian
curve can be handled by the mathematician by
means of symbols on the paper* and can be drawn
to any approximation by the numerical analyst;
but whenever we find this curve in nature we don’t
see the mathematician or the analyst—we see an
unsteady hand shooting at the same target over
and over and over... (cf. Borel [1] for a very
relevant discussion).

And now let’s introduce some dynamics. To be
specific, assume that balls interact according to
some definite local rule but maintain their identity.
For example, Norman Margolus has constructed a
very clever “billiard ball” cellular-automaton rule
of this kind [6] in which balls are conserved,
undergo elastic collisions, and all travel at the same
speed in one of four possible directions (except
during a collision, where they slow down for a
moment before bouncing back); this rule also
supports clumps of balls that stick together and act
as hard mirrors. Margolus’ rule is strictly
reversible —i.e., any configuration for the whole
cellular automaton has exactly one predecessor (as
well as exactly one successor as in any deterministic

* But already its integral is not expressible in terms of
elementary functions.

rule), and computationally universal. Reversibility
guarantees, among other things, that the relations
between microscopic and macroscopic behavior
satisfy the laws of thermodynamics, while univer-
sality implies that in general there is no analytical
shortcut to the system’s dynamics — in other words.
that there is no better way to tell what the system
will do than let it do it and watch it!

Well, if we watch very closely a cellular autom-
aton like this we see a binary computer in oper-
ation. But let’s stand a certain distance away, and
we will see clouds in all shades of gray pulsating
and swirling and colliding and mixing . . .. In other
words, if we associate with each point in space the
“level of gray,” (i.e., the mean density) in its
vicinity — rather than just the Boolean value of the
cell at that point-this scalar point-variable
evolves smoothly, much as if it were “driven” by
a differential equation.

Let’s see what is involved in this new inter-
pretation. For a fixed r, we have a density field o.,,.
If r=1, this is a Boolean-valued field whose
evolution is deterministic and given directly by the
cellular automaton rule. If r > 1, we have a scalar
field whose evolution is nondeterministic; however,
knowing the field at neighboring points, we can
reconstruct from the cellular automaton rule the
probability distribution P(da) that the field will
change by an amount da in one time-step. If P is
very sharp, we have a mechanism that is substan-
tially identical to a finite-difference algorithm. We
may expect P to be sharp when (a) the rule is
suitably chosen, (b) the value of r was selected
within a suitable range, and (c) the value of the
field is not too close to 0 or to 1. (In our inter-
pretation, 0 and 1 correspond to, respectively,
“vacuum” and “infinite” density. Near these ex-
tremes our scheme fails to model a
finite-differential equation because P will not be
sharp enough to give an essentially deterministic
result; on the other hand, near the same extremes
a FORTRAN program will fail because of
overflow or underflow conditions.)

In conclusion, we have an efficient com-
putational mechanism based on microscopic prim-
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itives; in this model one can introduce in a rather
natural way, as derwed constructs, macroscoplc
scalar quantitics which, given an appropnate mi-
croscopic dynamics, behaye much as the quantities
predicated by the dnﬁ'erentnal-equatlon model. The
two models are definitely different, but the area of
overlap permits one to establish ¢ correspondencc
rules” between them, so as to arrive at criteria for
determining to what extent a microscopic dynam-
ics is indeed “appropriate” for generating the
desired macroscopic behavior.

2.5. A counting argument

The variety of differential equations that one can
write is enormous. In a cellular automaton, on tl;e
other hand, once we select the neighberhood on
which the new state of cell will depend, alj the
choice we have for synthesizing the desired behgv-
ior is in assngnmg entries in the look-up table that
defines the local map. With few states per cell, this
choice doesp’t seem too wide. For example, if the
new state of a cell depends on the current state of
the cell ltself and of its 1mmed1ate neighbors (say,
North, South, East, and West) five neighbors in
all - then, with two states per cell, the table w;ll
consist of only 2° =32 bmary entries. No matter
how cleverly one assigns these entries, one certamly
can’t do much w:th the material at hand.

However, even in this simple case the number of
different laws that one can write is 2°2 (% ome
billion!). Wlth nine neighbors (as in the game of

“life™), this number climbs to 2% (% 10'5"), mere
than one could explore in the universe’s hfemn\e
Of course, many of these will be tnvnal variations
on the same theme, and most will be utterly
uninteresting; but at least we know the:e is plenty
of room to. play.

To have even more choice, one can enlarge the
neighborhood and use more than two states pgr

cell. However, in the many hours we have spent .

trying to construct rules that would do what we
wanted, we have learned that blind exploration of
such an enormous terrltory is not very rewatd.lng
There are better ways to expand the number of

choices in a structured fashion, with more predict-
able results, making explicit use of analogies from
physics or of known combinatorial results. For
example, ene can make rules that are second-order
in time (a class of these automatically yields behav-
igr that js invariant under time reversal); one can
make them dependent on the parity of space or
time (odd or even steps, or black or white squares
on the pheckerboard) one can compose into a
sequence (“microcode”) a small number of

g}ggmt ryles inyolving few nelghbors etc.
coqntablg pumber of dlfferentlal equatlons, the set
of those that we can explicitly write down is only
cozgg;ab,ge and so is the set of cellular-automaton
rgLes In cpnclusmn, even though the language of
celular antomata uses different primitives than
differential eguations, there is no a priori reason
why it shouldn’t have comparable expressive
pawer.

As it happgns, we have discovered extremely
simple gellular-antomaton ryles for the “heat”
equation (a first-order partial differential equation)
and the “wave” equation (second-order). These
two equatiens are the cornerstones of much math-
cmatical physics. (See color plates enclosed in [9].)

3, The copcept of continuity in the dynamics of
cellular antomata

3.1. Gengralities

The abeve considerations suggest that, in spite
of thejr discreteness, cellular automata may still
support spme concepts, of continuity and metric,
but not the same as in the real-number topology
some msgellpnepus consxderanons

Obsgrve, first, that while the set of cell-states is
finite and the set of cells is countable, the set of all
conﬁguratmn,s (1 e., the phase space) is un-
countable, and indeed has the cardinality of the
realrnumber coptinyum. Thus, our phase space is as
large.as that of ﬁmte-dlﬁ‘erence schemes (in spite of
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the fact that these use real numbers for cell states).
In other words, we have as much infinity to play
with as the other guys - only ours is organized in
a different way, and locally things are always finite.

Second, continuity means, intuitively, that we
can choose states that are so close that their
successors are still arbitrarily close. But cell states
belong to a finite set, so that there is a discrete
jump between one and the other. How can one
have an arbitrarily small distance between states in
this situation?

Third, all cellular automata having the same
“format” (grid shape, number of states per cell)
have the same phase space. On the other hand,
they may have very different dynamics. In each
dynamics the trajectories will interconnect the
points of phase space in a totally different way.
Can we hope to find a single phase-space topol-
ogy that is natural and relevant to all of these
dynamics?

3.2. The Cantor-set topology

Consider the generic cellular automaton. Its
cell-state set A (“A” for alphabet™) is a finite,
unstructured collection of symbols, and cannot
but be given the discrete topology. Its phase space
C (“C” for “configurations”) is the Cartesian
product 45 of countably many copies of 4, in-
dexed by the elements of the space group S (i.e., the
grid’s symmetry group). If S were finite, then C
would naturally inherit the discrete topology; but
. for an infinite index set the natural topology for the
Cartesian product is the Tychonoff product topol-
ogy, which is coarser than the discrete topology. In
the product topology, open sets can be visualized
as follows. Let us assign definite values to a finite
number of cells, and consider the set of all
configurations that match the given assignment
(i.e., the values of all other cells are “don’t care’s.””)
Call such a set a pattern. Then an open is an
arbitrary collection of patterns.

*] am indebted to Leonid Levin and Douglas Lind for
formulating it and suggesting its use in proposition 1.

If the terms of the countable Cartesian product
are finite sets (having, of course, more than one
element), as in our case, then the Tychnoff product
topology coincides with the topology of the famil-
iar Cantor set (. . . take the unit segment on the real
line, remove the middle third, and iterate on what
is left.) Thus, we get the same ‘“Cantor-set” topol-
ogy for all nontrivial cellular automata (i.e., those
having at least one dimension and at least two
states per cell).

3.3. A topological characterization of cellular auto-
mata

Now, one can prove the following. Let t be the
automaton’s global map (i.e., its dynamics, or the
generator of the time group). Then, for all cellular
automata,

Property 1 (continuity). t is continuous with respect
to the Cantor-set topology [7].

We also know that, by definition,

Property 2 (commutativity). T commutes with any
element ¢ of S (the space group)

(Briefly, time and space commute.) Finally, for
every cellular automaton

Property 3 (local finiteness). There exists a con-
tinuous function q: C—~Q, where Q is a finite set,
such that, if ¢, ¢’ are distinct configurations, there
exist a shift ¢ €S for which go(c) # qa(c’).

By taking Q = 4, g can be interpreted as a
“window” function which projects a configuration
on the coordinate axis of a selected cell. This
obvious property is used in proposition 1 below to
rule out certain pathological cases*.

The important fact in all of this is that, among
the dynamical systems consisting of the Cantor set
with a dynamics 7 and a discrete group of trans-
formations o,
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Proposition 1. Properties 1-3 above constitute a
complete characterization of cellular automata.

Thus, we see that, in addition to local finiteness
and commutativity between space and time (prop-
erties which are put in the very definition of a
cellular automaton), continuity in the Cantor-set
topology is the characterizing property of the dy-
namics of cellular automata. (The various com-
ponents of this characterization were rediscovered
in bits and pieces by several workers in cellular-
automaton theory — including myself [8] — but had
been known for a whilé, under the heading of
“shift dynamical systems,” to more professional
mathematicians [4, 5].)

3.4. The local point of view

We shall try to interpret the results of the above
subsection.

The main point is that to understand what goes
on in a cellular automaton it is not necessary to
look at an entire, infinite configuration. Rather,
one’s attention can be turned to specific place, and
one’s scope should be widened, in concentric cir-
cles, so to speak, only as longer and longer evo-
lution times are considered. Thus, the customary
picture which represents the state of a system as a
point tracing an orbit in phase space is somewhat
misleading: in general, we cannot handle in a
finitary way the exact position of the point itself
(which encodes an infinite amount of information);
on the other hand, we can project the point on a
finite subset of axes, and we can enlarge this subset
as need requires. We shouldn’t try to (and, at any
rate, we can’t) take in the whole picture!

We shall give but one example of the “con-
spiracy” that forces us to take a local viewpoint.

* To make the connections with the traditional d—¢ criterion
for continuity, recall an obvious property of cellular automata,
i.e., that the speed of propagation of information is bounded.
If two conifigurations coincide within a radius r, and thus have
a distance less than =2~ then their successors will coincide
within a radius of at least » — 1, and thus their distance will be
less than ~2-¢~", This is all that is needed to arrive at a 6—¢
criterion.

The Cantor set is a metric space, that is, it admits
of metrics compatible with its topology. What
does this repertoire of metrics have to offer? We are
faced with the problem of finding a satisfactory
metric (a yardstick for “closeness™) for a uniform
system that extends infinitely in space. Because of
spatial symmetry, all cells “look the same;” intu-
itively, we would require of our metric that if we
change a 0 into a 1 in a given cell, we should move
away a certain distance in phase space, and this
distance should be the same no matter which cell
we choose. But it turns out [8] that none of such
“uniform” metrics is compatible with the Cantor-
set topology; in which direction should we relax
our requirements?

Here is one way. In spite of being immersed in
a uniform sea of cells, we ghall pick one arbitrarily.
By what criterion? Well, by where we are! In
comparing two configurations, we make a list of
the places where they don’t match; a mismatch
occurring “here” will be given a weight of 3, and
in general any mismatch occurring within a shell of
thickness 1 and radius r will be given a weight
2-+Dkypd=1 (where d is the dimensionality of the
space), so that successive shells will contribute at
most 1/4, 1/8, etc. Thus, the distance between two
identical configurations will be 0 and the distance
between two configurations that differ everywhere
will be 1. This metric is compatible with the Cantor
topology. In this metric, two configurations get
closer and closer as the nearest point where they
differ moves away from us*. Quite seriously, we
could characterize the Cantor topology as the
topology of self-centeredness. What is nice is that
other observers, with their own center of interest
different from ours, may choose their own version
of the metric, but nonetheless we will all agree on
the same topology.

4. Conclusions

We have presented and motivated a new mathe-
matical approach to the modeling of distributed
physical systems. This approach is suggested by the
availability of new, high-performance simulation
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tools, and yields models whose formal structure
closely matches that of the available com-
putational resources.

In particular, we have discussed a concept of
continuity that is adequate for an operational
approach to physics over the whole range from
macroscopics to microscopics, and yet does not
postulate, like differential equations, an infinite
amount of information within a finite volume.
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